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Abstract

This paper explores the dual nature of "institutional" and "partial" meanings associated with
mathematical entities in an educational setting. The institutional meaning represents the formal
understanding endorsed by the mathematical community, while the partial meaning pertains to the
limited and evolving comprehension that students possess. Through a theoretical perspective, this
research examines how students’ progress from partial knowledge toward institutional knowledge,
emphasizing the importance of the teacher’s role and the educational context in facilitating this transition.
The conclusion suggests that the shift to institutional knowledge relies heavily on effective pedagogical

mediation and social interaction, which are essential for students to fully grasp mathematical objects.
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INTRODUCTION

In mathematics education, there is an ongoing tension between what a student understands about
a mathematical concept and what is considered full comprehension by the mathematical community.
This study aims to explore the process by which students transition from partial understanding to
institutional understanding of mathematical concepts. This transition is essential as it determines
students' ability to apply mathematical concepts across various contexts and tackle problems with greater
autonomy. Understanding the differences between partial and institutional knowledge in mathematics is
crucial for improving teaching practices, as it is not just about memorizing rules but also about

developing a deep understanding of concepts.

The distinction between a student’s partial knowledge and institutional understanding has been
widely discussed in educational literature (Carpenter & Fennema, 1996; Sfard, 2008). Institutional
meaning refers to a complete and rigorous understanding of a concept, as established by the conventions
of the mathematical community (Lakatos, 1976). On the other hand, partial meaning signifies an
intermediate learning phase, where the student has grasped only certain aspects of the concept but has
not yet fully understood it (Piaget, 1952; Vygotsky, 1978). Recent literature emphasizes the importance
of positive mindsets in mathematics learning, as well as research-based teaching practices (Boaler, 2016;
Stein & Smith, 2011; Franke & Kazemi, 2001; Rosa & Orey, 2019; Tall, 2013; Smith & Stein, 2011;
Mason & Spence, 2013; Hattie, 2012). These studies underscore the need for pedagogical mediation and
structured intervention in the transition process toward institutional knowledge, highlighting the
fundamental role of teachers in guiding students toward a complete understanding of mathematical

concepts.

The objective of this paper is to explore the process through which students move from partial
to institutional understanding. This transition is crucial in mathematics education as it determines a
student's ability to apply mathematical concepts across various contexts. In this regard, both the
teacher’s role and pedagogical mediation are critical elements that facilitate this development (Lampert,
2001). This research is relevant because learning mathematics is not only about memorizing rules but
also about developing a deep understanding of concepts. The transition toward institutional knowledge
requires structured pedagogical intervention to help students overcome the limitations of their initial

understanding.

METHODOLOGY

In this theoretical research, an extensive review of fundamental works in the fields of cognitive
development and mathematics education was conducted to build a solid framework explaining how

students progress from "partial" knowledge to "institutional" knowledge of mathematical concepts. This
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review process included a careful selection of key authors whose theories offer relevant perspectives on

cognitive development within the educational context.

In particular, the theoretical frameworks of Jean Piaget (1952), Lev Vygotsky (1978), and Anna
Stard (2008) were utilized. Piaget provides insight into how students build knowledge through direct
experiences and stages of cognitive development. Vygotsky, on the other hand, emphasizes the role of
social interaction and pedagogical mediation, highlighting the importance of social context in learning.
Sfard, in a more recent approach, addresses the process of "mathematization" and the development of

mathematical discourse, emphasizing how language and social practices shape students’ understanding.

Additionally, the review included Jerome Bruner’s discovery learning theory (1966) and David
Ausubel’s meaningful learning theory (1968), considering that these modern contributions are essential
for understanding how students internalize mathematical concepts and transfer that knowledge to new
contexts. The review also pays special attention to the role of the teacher and the learning environment
as key factors in the transition toward institutional meaning, following the approaches of Carpenter and
Fennema (1996), who emphasize how teachers' knowledge and teaching strategies directly impact

students' cognitive development and understanding.

This comprehensive approach allows for establishing a robust theoretical framework to analyze

how partial meanings evolve into institutional meanings in mathematics learning.

RESULTS

Understanding institutional and partial meanings in mathematical concepts

The institutional meaning of mathematical concepts is embedded in the practices and
conventions of the mathematical community. Lakatos (1976) and Hersh (1997) have emphasized how
mathematical concepts evolve through critique and discourse, eventually becoming accepted as truths
within the academic community. In contrast, partial meaning represents a limited understanding that
students develop throughout their learning process. This partial understanding is not incorrect but

incomplete, reflecting a developmental stage in learning (Piaget, 1952; Sfard, 2008).

In the early stages of mathematical learning, students acquire basic notions of mathematical
concepts through hands-on interaction with objects and situations (Bruner, 1966). At this stage, partial
meaning dominates their understanding, allowing them to apply certain mathematical rules without fully
grasping the broader connections between concepts. This limitation is evident in their struggle to transfer

knowledge to new contexts or more complex problems (Carpenter & Fennema, 1996).

Within the realm of logical reasoning, a formal framework can be proposed to model these
phenomena, wherein "institutional" and "partial" meanings are treated as functions or relationships that

link mathematical entities to their respective meanings.
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The set of mathematical entities can be defined as follows: Let E represent the set that contains
all the considered mathematical entities. Likewise, the set of "institutional" meanings is defined: Let S.
denote the set of all "institutional" meanings connected to mathematical entities. On the other hand, the
set of "partial" meanings is established as: Let S, represent the set that encompasses all "partial"
meanings associated with mathematical entities. Finally, a function or relationship is defined to connect

each mathematical entity with its respective institutional meaning.
foo E— S.
A function or relationship is defined to link each mathematical entity to its partial meaning.
i E—S,

In this formal system, f. represents the institutionalization of a mathematical entity's meaning
by the mathematical community, while f, symbolizes the partial and evolving construction of meaning

by students.

To formalize the idea that "institutional" meanings are unique to each mathematical entity but

"partial" meanings can be diverse and varied, the following is defined:
E is the set of all considered mathematical entities.
S is the set of all "institutional" meanings tied to mathematical entities.
Sy is the set of all "partial" meanings related to mathematical entities.

To formalize that each mathematical entity has a unique "institutional" meaning, an injective

function is used, assigning a unique, unambiguous meaning to each mathematical entity.
foo E— S.

Where f. is an injective function, indicating that it assigns each mathematical entity a singular,
unambiguous meaning. In contrast, to represent that "partial" meanings may be varied for the same

mathematical entity, a non-injective function can be used.
fo E— 2%

Where 2 represents the set of all subsets of S,, meaning that f; associates each mathematical
entity with a range of possible partial meanings, allowing for multiple interpretations of a single entity.
Through these functions, it is established that "institutional" meanings are unique to each mathematical
entity, while "partial" meanings can be numerous and varied. The concept of a mathematical limit can
be employed to describe how partial meanings converge toward the complete meaning. We can visualize
a sequence of partial meanings approaching the institutional meaning as learning progresses. Let’s
consider a sequence of partial meanings s;, s, 53, linked to a mathematical entity e. A function f'can be

defined that connects these partial meanings to the institutional meaning as follows:
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[ N—= S,

Let S, represent the set of institutional meanings, and let [N be the set of natural numbers
representing different levels of learning. The idea is that, as students advance through the sequence (i.e.,
as they acquire more knowledge and experience), the partial meanings s, approach the institutional

meaning c. This can be formally expressed as:

lim f(n)=r¢c

n—r2C

This implies that function fapproaches the institutional meaning ¢ as index » tends to infinity,
symbolizing how partial meanings converge toward the institutional meaning as students gain deeper
understanding and experience in the subject. Logical operations can be incorporated to represent the
relationships between the sets of "institutional" and "partial" meanings, as well as between the functions
that connect them. The intersection of two sets results in a set of elements common to both sets. In this
context, the intersection can be used to identify meanings shared between the "institutional" and "partial"

sets.

The union of two sets produces a set that includes all elements from at least one of the sets. This

can be employed to represent all possible meanings, both "institutional" and "partial."
ploy P p g p

The difference between two sets generates a set that contains elements that belong to the first
set but not the second. This can be used to represent meanings that are exclusive to either the

"institutional" or "partial" sets.

)

93]

P

The complement of a set in relation to another produces a set that contains elements in the
second set but not in the first. This can represent meanings that are not shared between the "institutional"

and "partial" sets.

These logical operations provide a model for understanding the relationship between
"institutional" and "partial" meanings, as well as how they evolve over time and with student experience.
These tools can help analyze how partial meanings converge on institutional meanings as learning
progresses. To formalize the condition of an element being in the intersection of two sets, meaning it
shares properties with both sets, let x be a generic element and P(x) a property applicable to x. Therefore,

the condition for an element x to be in the intersection of the sets S, and S, would be:

St =S.-5,
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This indicates that x is in the intersection of S, and S, if and only if it belongs to both S, and S,
meaning property P(x) holds true for x in both sets. This can be more generally expressed using predicate
notation. Let P(x) denote the property that applies to elements of S, and S,(x) denote the property that

applies to elements of S,. Hence, the condition can be expressed as:

reS.NS, & (xS Nz €S

P )

This formalizes the idea that an element belongs to the intersection of two sets if it satisfies the
properties relevant to both. In the context described, it can be said that a students knowledge becomes
institutional when their partial interpretation of a mathematical object aligns with the institutional
meaning established by the mathematical community. This could be expressed as follows: a student's
knowledge becomes institutional when their partial interpretation belongs to the intersection of the
"institutional" and "partial" meaning sets. Formally, if we represent a student's partial interpretation as
x, and the intersection of the sets of "institutional" and "partial" meanings as then the condition can be

expressed as:
r e S.NS, & (Px) N Pyz))

This formalizes the idea that an element belongs to the intersection of two sets only when it
satisfies the properties relevant to both. It suggests that the student's partial interpretation fits within
both the institutional and partial meaning sets, showing that their knowledge now aligns with the

institutional meaning.

It suggests that the student's partial interpretation fits within both the institutional and partial
meaning sets, showing that their knowledge now aligns with the institutional meaning. It can be asserted
that the students knowledge is institutional once their partial interpretation corresponds to the meaning
established by the mathematical community. If a student has reached an institutional understanding of a
mathematical concept, the learning process has been successful. Likewise, it can be concluded that the
teacher has effectively guided the student to this understanding by employing suitable pedagogical
strategies and offering the necessary support. Furthermore, the teacher is considered efficient if these
outcomes have been achieved in a timely manner, optimizing the teaching and learning process in terms

of time and resources (Oxley, 2024).
Facilitating the transition to institutional meaning

The teacher plays a pivotal role in facilitating the transition from partial to institutional meaning.
Vygotsky (1978) underscores the significance of the social environment and pedagogical mediation in

the cognitive development of students (Oxley & Rolon, 2017). In this framework, teachers serve as
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mediators, offering direction and structuring learning so that students can internalize more abstract and
formal concepts. Lampert (2001) points out that engaging students in authentic mathematical reasoning
and problem-solving in the classroom is an effective strategy for helping students move toward

institutional understanding.

Guided learning and social interaction enable students to not only apply mathematical rules but
also to comprehend the reasoning and meaning behind those rules (Vygotsky, 1978). Mathematics
education should focus on guided discovery, as proposed by Bruner (1966), where students actively
engage with the concepts and construct their own understanding. This approach allows students to
acquire institutional meaning more effectively, as they understand the underlying logic behind

mathematical procedures.

The role of learning in achieving institutional understanding

Ausubel’s (1968) theory of meaningful learning emphasizes the necessity of connecting new
concepts with a student’s prior knowledge. In mathematics, this theory suggests that abstract concepts
should be introduced in a way that students can relate to their previous experiences or knowledge. This
strategy is crucial in aiding students as they progress toward institutional understanding, as they need to

build on what they already know to achieve a more complete and formal understanding.

When students are able to relate new mathematical concepts to their existing cognitive structure,
they experience deeper, more lasting learning (Ausubel, 1968). This type of learning not only enhances
retention but also facilitates the transfer of knowledge to new contexts, signaling that the student has

attained institutional meaning of the mathematical concepts.

DISCUSSION

The transition from a partial meaning to an institutional meaning of mathematical concepts is a
multifaceted process influenced by various factors (Oxley, 2020), including the quality of pedagogical
mediation and the structure of the learning environment. Both Piaget (1952) and Vygotsky (1978) agree
that students do not learn passively; their understanding of mathematical concepts evolves through
interaction with their environment and support from knowledgeable adults. This interaction aids not
only in the acquisition of basic mathematical skills but also in the internalization of more abstract
concepts that define institutional meaning. However, this process can be hindered by factors such as a
lack of teacher training or the use of methodologies that do not promote active student participation,
which can lead to a superficial understanding of concepts. Kitcher (1983) also notes that inadequate

teaching can lead to persistent misunderstandings that become obstacles to later learning.

A key element of this process is the teacher's ability to recognize and address the differences

between partial and institutional meanings. Teachers must be able to determine where students are in
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their learning trajectory and adjust their teaching strategies accordingly. Lampert (2001) and Carpenter
& Fennema (1996) emphasize the importance of fostering genuine mathematical discussions in the
classroom, as this allows students to explore and question their ideas, thereby supporting their
progression toward a more formal and complete understanding. However, some teachers may feel
insecure or pressured by rigid curricula that do not allow the necessary flexibility to adapt their methods
to the individual needs of their students. This can result in standardized teaching that ignores the
diversity of student learning, as Bruner (1966) warns, asserting that a one-dimensional approach to

teaching limits students' potential.

Furthermore, meaningful learning plays a vital role in reinforcing mathematical knowledge.
Ausubel (1968) argues that students learn better when they can relate new concepts to their existing
knowledge. In mathematics, this implies that teachers must provide students with opportunities to
connect new ideas to what they already know, thus facilitating the transition to institutional meaning.
However, a lack of a contextualized approach may result in isolated learning, where students struggle
to apply concepts in practical situations, underscoring the need for teaching strategies that integrate
theory with real practice. Sfard (2008) emphasizes that communication in the classroom should not only
focus on mathematical content but also on the ways in which students express their ideas and reasoning,

which can facilitate their deeper understanding of concepts.

Additionally, Hersh (1997) posits that the nature of mathematics involves a process of discovery
and discussion that goes beyond mere knowledge transmission. Students' ability to engage in this type
of mathematical dialogue may be limited by a lack of confidence in their abilities, a problem that can be
exacerbated by a negative learning environment. Therefore, it is essential for teachers to create a
classroom atmosphere that fosters curiosity and intellectual risk-taking, so that students feel secure in

sharing their thoughts and asking questions.

In conclusion, the transition from a partial meaning to an institutional meaning of mathematical
concepts is a complex process that depends on multiple factors, including pedagogical mediation, the
structure of the learning environment, and teachers' ability to adapt their teaching to students' needs. For
this process to be successful, it is crucial to promote a culture of genuine and meaningful mathematical
discussion, as well as to provide a context in which students can relate new concepts to their prior
knowledge. This will not only facilitate their understanding of mathematical concepts but also promote

a positive attitude toward learning mathematics.

Conclusions

This paper has examined the duality between institutional and partial meanings of mathematical
concepts, as well as the transition students experience as they deepen their understanding of these

concepts. It has been demonstrated that this transition is not automatic; it requires effective pedagogical
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mediation and a well-structured learning environment. Teachers are essential in this process, guiding

students toward a more comprehensive and formal understanding of mathematical ideas.

The study also underscores the significance of meaningful learning in the acquisition of
institutional meaning. Students learn more effectively when they can connect new concepts to their
previous knowledge, and this connection is fundamental to achieving a complete and lasting
understanding of mathematical objects. The progression from partial to institutional meaning is a
gradual process that depends on the quality of teaching, pedagogical mediation, and the social

environment in which learning occurs.
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